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ABSTRACT
The frequency comb of an optical resonator is a naturally large set of exquisitely well defined quantum systems,
such as in the broadband mode-locked lasers which have redefined time/frequency metrology and ultraprecise
measurements in recent years. High coherence can therefore be expected in the quantum version of the frequency
comb, in which nonlinear interactions couple different cavity modes, as can be modeled by different forms of graph
states. We show that is possible to thereby generate states of interest to quantum metrology and computing,
such as multipartite entangled cluster and Greenberger-Horne-Zeilinger states.
Keywords: continuous-variable entanglement, quantum information, quantum communication, optical para-
metric oscillator, laser stabilization, optical frequency comb
1. INTRODUCTION
A single optical resonator defines naturally a large set of resonant eigenmodes, which amount to as many
independent quantum fields. This is an interesting starting point to define a quantum register for a quantum
computer, and also for studying optical frequency combs in the quantum regime. However, a requisite is to
be able to engineer at will quantum interactions between the different cavity modes. In this paper, we show
that such quantum engineering is, indeed, possible and we detail a few different approaches and applications for
ultrasensitive interferometry and quantum information. We first recall some of the basics of passive and active
optical resonators and emitters.
As is well known,1 a physical wave subjected to boundary conditions will define, via constructive interference
of its multiple reflections off the boundaries, a set of resonant eigenmodes at harmonic frequencies defined by
the interference condition
2L = pλ ⇐⇒ ν = p vϕ
2L
(1)
where L is the cavity length (restricted to one dimension for simplicity), p a positive integer, the harmonic
number, and λ, vϕ, ν the wavelength, phase velocity, and frequency of the wave. These resonant modes are
equivalent to oscillators of corresponding natural frequencies and can be quantized by use of a set of bosonic
field creation/annihilation operator pairs [aω, a
†
ω] = 1, one for each frequency ω = 2πν. In the case of a single
optical cavity, vϕ = c, the speed of light, and the quantity ∆ =
c
2L is known as the free spectral range (FSR).
When the field is quantized,2 the numerous eigenmodes of harmonic frequencies correspond each to a distinct
quantum field operator and operators of distinct modes commute with one another. This definition of a set of
quantum harmonic oscillators by a single optical resonator is what we dub a “quantum harp.∗”
A linear gain medium can be placed inside the optical cavity where it will interact (typically via the dipolar
electric term) preferably with the resonant frequencies of the electromagnetic field because of the larger amplitude
† Corresponding author. Email: opfister@virginia.edu. Telephone: 1 434 924 7956
∗Note that such a harmonic harp is of very limited use for musical purposes since it plays but a single note of the scale.
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the latter acquire from their resonant buildup in the cavity. Photons can then be absorbed or emitted (sponta-
neously or stimulatedly) one at a time. In a standard laser, the gain medium is pumped, i.e. maintained excited
(population-inverted) so as to favor emission over absorption. When the emission probability of a photon over a
round trip inside the cavity exceeds the photon’s escape probability, the laser threshold condition is fulfilled and
stimulated emission is predominant due to the establishment of a large resonant field inside the cavity. Below
threshold, spontaneous emission is dominant. The spectral width of the gain profile plays a role: if, on the one
hand, the gain bamdwidth is of the order of, or less than, the FSR, then only one mode will oscillate, thereby
realizing a continuous-wave (CW) laser. If, on the other hand, the gain profile encompasses several cavity modes,
the laser becomes multimode.
The gain medium can also be nonlinear, namely a multiphoton emitter or absorber. Two-photon interactions
can be obtained by second-order absorptive terms in the atomic polarizability. Lasers and masers based on two-
photon atomic transitions have been built and shown to display new physical properties compared to standard
lasers.3–5 Another type of nonlinear gain arises from the dispersive terms in the polarizability, typically of optical
crystals such as potassium titanyl phosphate (KTiOPO4 or KTP), for example. Such a medium is not pumped
but mediates energy transfer between a pump light field, say, at 532 nm, and a signal field, say at 1064 nm.
In that case, the annihilation or creation of a pump photon occurs in concert with the creation or annihilation,
respectively, of a pair of signal photons. This parametric downconversion (PDC) or upconversion is one of the
basic mechanisms of nonlinear optics.6 The corresponding resonant PDC source is named an optical parametric
oscillator (OPO) and possesses an emission threshold analogous to that of a laser.
From the quantum optical viewpoint, the two-photon interaction can be viewed in terms of its action on the
fields rather than the intensities (or photon numbers). In that case, nonlinear gain is intimately connected to
the generation of squeezed states of light,2 in which the electromagnetic field operators see their fluctuations,
or variance, reduced below that of the coherent state emitted by a standard laser. (The squeezing parameter
is the natural logarithm of the noise reduction factor.) Such noise reduction can be observed in the amplitude
or phase of the quantum electromagnetic field7, 8 and has been used for enhancing the sensitivity of physical
measurements such as interferometric ones.9–11 Of particular interest is the case where the two signal fields are
nondegenerate i.e. distinguishable, be that by their polarization, wave vector, or, more interestingly here, their
frequency. Indeed, two-mode squeezed quantum fields are placed in a continuous-variable (CV) entangled state
which tends towards the exact state of the Einstein-Podolsky-Rosen (EPR) paradox12 in the limit of infinite
squeezing.† This was demonstrated in OPOs below13, 14 and, more recently, above15–17 threshold.
2. BIPARTITE ENTANGLEMENT IN A CLASSICALLY PHASE-LOCKED OPO
We now describe the entanglement procedure in detail. The nonlinear medium in the optical cavity is pumped
by a monochromatic mode at frequency ωpump and pairs of modes (m,n) of respective frequencies such that
ωm + ωn = ωpump (temporal phase-matching condition, or photon energy conservation) become coupled. This
coupling manifests itself by the creation or annihilation of a photon pair with one photon in mode m and one
photon in mode n and yields bipartite entanglement by simultaneous squeezing of the amplitude-difference (or
sum) and of the phase-sum (or difference) operators
δ(Xm ∓Xn) → 0 (2)
δ(Pm ± Pn) → 0, (3)
where Xj = aωj + a
†
ωj is the amplitude field quadrature operator and Pj = −i(aωj − a†ωj ) is the phase field
quadrature operator.
The experimental implementation of such a scheme was carried out by many groups around the world. At
the University of Virginia, an ultrastable OPO above threshold was used in order to produce arguably the
most stable pair of entangled optical fields ever generated.17 The experimental setup is depicted in Fig.1. This
experimental realization of CV entanglement of phase-locked bright CW beams used an ultrastable, doubly
†Note that finite squeezing just corresponds to realistic experimental conditions since the condition for nonclassical
effects to be observed is that the squeezing parameter be different from zero.
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Figure 1. Experimental setup, see text. OPO mirror Mi has transmittivities T(532 nm) = 0.98 and T(1064 nm) =
5×10−5; Mo has T(532 nm) = 5×10
−5 and T(1064 nm) = 1.8×10−2. AOM: acousto-optic modulator. CLL: cavity-lock
loop. DM: dichroic mirror. EOM: electro-optic modulator. FR: Faraday rotator. HWP: half-wave plate. MC: mode
cleaner. P(D)LL: phase-(difference-)lock loop. PZT: piezoelectric transducer. QLL: quadrature-lock loop. The 12 MHz
EOM is integrated in the laser.
resonant, type-II concentric OPO based on an X-cut Na:KTP nonlinear crystal, temperature-stabilized at a
few tenths of millidegrees, in which pump photons at 532 nm were downconverted into cross-polarized pairs
at 1064 nm. This interaction was noncritically and collinearly phase-matched. The same OPO was used in
our previous demonstration of macroscopic Hong-Ou-Mandel interference.18 The OPO pump and LO beams,
at 532 and 1064 nm, respectively, were provided by a Nd:YAG laser with an external resonant frequency-
doubler (“Diabolo,” Innolight). Both beams were spatially and temporally filtered by “mode-cleaner” cavities,
of respective half widths at half maximum (HWHM) 160 and 170 kHz. The twin OPO beams at 1064 nm exited
through mirror Mo, with typical operating powers from 1 to 10 mW (controlled by the pump power above its
65 mW threshold), and were separated by a polarizing beamsplitter (PBS). The reflected OPO-depleted pump
beam was used as error signal of the OPO cavity lock loop (CLL). A weak leak at 1064 nm through Mi was picked
off by a dichroic mirror and the resulting beat note of the twin beams was phase-locked to a stable synthesized
radiofrequency at 2Ω/(2π) = 161.827324 MHz, by applying a correction voltage along the Z axis of the Na:KTP
crystal. With only the temperature lock and CLL, the frequency difference error was ±150 kHz,19 due to large
doping inhomogeneities in the crystal coupled to residual vibrations of the optical table. The phase-difference
lock loop (PDLL) reduced this error by more than 5 orders of magnitude to less than 1 Hz (Fig.2), while keeping
the frequency difference continuously tunable over tens of MHz. The individual OPO frequencies had a residual
jitter of 10 kHz, measured by beating the OPO against the kHz-linewidth LO laser.
Note that the PDLL was purely classical, since its error signal was obtained from a balanced heterodyne
measurement through a very low transmission mirror, both properties which independently cause the OPO
quantum phase-difference noise to be replaced by vacuum fluctuations.18 Hence, the PDLL phase-difference noise
reduction could, in principle, degrade neither the conjugate amplitude-difference squeezing nor the entanglement.
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Figure 2. Ultranarrow beat note of the phase-locked OPO. Resolution and video bandwidths are RBW = VBW = 1 Hz.
Consecutive points are separated by 0.5 Hz. 100 averages.
In order to observe the latter, i.e. the EPR correlation between the twin beams, we set up a standard double
balanced homodyne detection (BHD) system, with low- and high-pass outputs. An acousto-optic modulator
(AOM) was utilized to simultaneously up-shift and down-shift the frequencies of the LO, yielding two beams
at frequencies ω ± Ω , where ω is the fundamental laser frequency and Ω/(2π) = 80.913662 MHz is the driver
frequency of the AOM. The 1064 nm mode cleaner was built with a free spectral range of Ω/(3π) so as to
allow simultaneous resonance of both frequency-shifted LO beams. The two cross-polarized outputs of this mode
cleaner were suitable LOs for the two BHD systems since the frequency difference of the twin beams was phase-
locked to 2Ω by means of the PDLL. The two synthesizers working at Ω and 2Ω were also electronically phase
locked together, which suppressed any effect on the experiment of residual synthesizer frequency drifts. The
optical part of the experiment was stabilized by 6 servo loops that controlled the OPO and mode-cleaner optical
cavities (CLL), the OPO temperature (T), its phase difference (PDLL), and one of the LO phases, i.e. OPO
quadratures (QLL), the other one being scanned for the purpose of data acquisition but lockable as well.
Figure 3 shows a typical intensity-difference squeezing spectrum of the OPO, measured by blocking the
local oscillator beams, sending each OPO beam into a single photodiode, and electronically subtracting the
photocurrents. The shot noise trace was obtained by rotating the OPO polarizations by 45o before the PBS.
Technical noise from the pump laser below 1.5 MHz prevented us from reaching squeezing levels stronger than
S− = −3 dB with respect to the shot noise limit (SNL) at 1.7 MHz. This amplitude noise can be reduced further
by adopting a mode-cleaner of HWHM closer to the laser linewidth, i.e. a few kHz. Figure 4 shows the quadrature
sum noise of the twin beams versus one of the LO optical phases, the other LO phase being locked at π/2, i.e. to
the phase quadrature. We verified on the DC interference fringe that the AC signal is squeezed only when the
scanned quadrature is also the phase one, i.e. the phase shift is π/2. The raw phase-sum squeezing is −0.9 dB
(minimum squeezing hole from the shot noise average in Fig.4). Moreover, one must take into account the fact
that the bright OPO classical amplitudes beat with the (linearized) LO shot noise and mask the squeezing. Note
that this is not squeezing degradation from optical losses and that self-homodyne detection,15, 16 or an LO much
more intense than the OPO beams, suppresses this problem. Let a1,2 = α+δa1,2 be the OPO photon annihilation
operators and their fluctuations about a classical amplitude and b1,2 = β+ δb1,2 the same for the LO. We denote
the Hermitian quadrature fluctuations of, say, δaj by δAj,θ = e
−iθδaj + e
iθδa†j . The BHD photocurrent-sum
fluctuations for a LO phase shift θ are given by the operator δi+ = β(δA1,θ + δA2,θ) + α(δB1,θ + δB2,θ), where
the second term describes the aforementioned masking of the squeezing at θ = π/2 by the LO shot noise. The
raw measured squeezing in dB is Sexp = 10 log[〈(δi+)2〉/〈(δi+)2SN 〉] (decimal log). The OPO power was 2.8 mW
per beam (pump power 5% above threshold) and the LO power 6.5 mW per beam. We denote the ratio of these
powers by ρ and also take into account the nonideal quantum efficiencies of the photodetectors (η = 0.95), and
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Figure 3. Intensity-difference squeezing. Red, shot noise level of both OPO beams. Blue, intensity-difference noise.
Black, electronic detection noise. RBW=VBW=100 kHz, 100 averages.
the BHD contrasts C1 = 0.986 =
√
η1, C2 = 0.928 =
√
η2. The true squeezing is thus
S+ = 10 log
(
2(ρ + 1)[ρ(1− η) + 1]
η(η1 + η2)
10
S+exp
10
−2(ρ+ 1) + (η1 + η2)[ρ(1− η)− η]
η(η1 + η2)
)
, (4)
which yields S+ = −1.6 dB. Taking only into account the power factor ρ (η = η1 = η2 = 1) yields −1.35 dB.
These squeezing levels (S− = -3.0 dB, S+ = -1.35 dB) translate into ∆(A1,0−A2,0) = 10S−/20 = 0.71 < 1 and
∆(A1,π/2 + A2,π/2) = 10
S+/20 = 0.86 < 1, which proves squeezed-state entanglement.20 Another quantitative
measure of CV entanglement is the Duan-Simon criterion21, 22
∆
(
A1,0 −A2,0√
2
)2
+∆
(
A1,π/2 + A2,π/2√
2
)2
= 1.24 < 2. (5)
3. MULTIPARTITE ENTANGLEMENT IN A SINGLE OPO
A natural extension of the above concepts to the case of more than two cavity modes is provided by investigating
the effect of a network of such two-mode couplings within the mode set. This presupposes that one is able to
engineer such couplings at will. In fact, it is now the case thanks to the particular case of photonic bandgap
materials that are quasi-phase-matched crystals,6 which are, typically (though not restricted to), periodically
poled ferroelectric crystals23 in which the spatial modulation of the static electric field yields a corresponding
modulation of the nonlinear susceptibility that can be tailored to quasiphasematch any desired nonlinear interac-
tion between three fields of definite frequencies, wavevectors, and polarizations.24, 25 Our group at the University
of Virginia illustrated the possibilities offered by quasiphasematched KTP by demonstrating the simultaneous
occurrence of three different nonlinear processes,26 suitable to create a CV multipartite entangled state of the
Greenberger-Horne-Zeilinger (GHZ) type, namely of the (ideal) form∫
|xxxx〉 dx. (6)
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Figure 4. Phase sum squeezing (see text). Red, shot noise level of both OPO and LO beams. Blue, 〈|δA1,θ(Ω) +
δA2,π/2(Ω)|
2〉 versus θ, at center frequency Ω/(2π) = 1.7 MHz. RBW 30 kHz, VBW 100 Hz, zero span, detection noise
floor = -95 dBm. (Scan turning point at 0.6 s.)
We now consider whether an appropriate network of such bipartite couplings may lead to multipartite entangle-
ment. We have discovered that solutions always exist for CV GHZ27 and even CV cluster states.28, 29 Considerable
insight may be derived from using a version of the formalism of graph states.30 The Hamiltonian describing the
effect of a single, undepleted, classical pump mode in an OPO below threshold is of the form
H = ih¯κ
∑
m,n
Gmn(a
†
ma
†
n − aman), (7)
where κ is an overall coupling strength and G = (Gmn) is a square symmetric matrix describing the Hamiltonian
coupling network: we make the hypothesis of equal coupling constants for all coupled modes, so that the elements
of G are either 0 or 1. The matrix G is thus the adjacency matrix of a graph representing H, which has vertices
denoting the field modes (in a vacuum state) and edges representing the non-zero terms of H. The graph allows
us to easily visualize the couplings associated with the implementation of the Hamiltonian in Eq. (7). Fig. 5
displays the example of a monochromatically pumped (type-I) OPO, which can only generate entangled pairs.
The graph adjacency matrix in this case, denoted G1, has a constant main skew diagonal:
G1 =
⎛
⎜⎜⎝
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
⎞
⎟⎟⎠ . (8)
This is a consequence of the temporal phase-matching relation (ωm +ωn = ωpump) together with our assumption
of constant interaction strength, skew diagonals being labelable by the integer m + n.
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Figure 5. Physical system and corresponding graph for a single pump mode. The flow of time is from bottom to top of
the figure. The horizontal direction is the optical frequency axis for the signal OPO modes, with the pump modes (bottom
green arrow) denoted by half their frequency. The signal modes are the top black arrows. The graph is drawn below and
corresponds to mere pairwise entanglement.
A quadripartite GHZ state may then be created in a single OPO by implementing the matrix
G2 =
⎛
⎜⎜⎝
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0
⎞
⎟⎟⎠ , (9)
whose graph is the complete 4-vertex graph: every node is connected to any other but itself (no self-loops. Fig.6,
left) A concrete implementation method, currently under test at the University of Virginia, is depicted in the
right of Fig.6 and based on the results of quasiphasematching studies in KTP.26
Figure 6. Left: Right: Physical system and corresponding graph (left) for the generation of a quadripartite GHZ state in
a single OPO. Letters y and z denote the optical polarizations of the fields along the corresponding principal axes of the
OPO KTP crystal.
A few more experimental details are in order here. As Fig.6 indicates, the KTP crystal simultaneously
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quasiphasematches three different interaction types, denoted by yzy (and yyz), zzz and zyy, where the first
letter stands for the pump polarization and the last two for the signals’ polarizations. These are actually all the
possible interactions that are allowed (nonzero elements of the nonlinear tensor d24, d33, and d32, respectively)
for a noncritical-phasematching propagation direction along x. There are thus 6 different couplings, denoted by
the 6 edges of the graph and as follows, by their classical field amplitudes:
Ey(2ω0) → Ey(ω0) + Ez(ω0) (10)
Ey(ω0 + ω1) → Ey(ω0) + Ez(ω1) (11)
Ey(ω0 + ω1) → Ez(ω0) + Ey(ω1) (12)
Ez(ω0 + ω1) → Ez(ω0) + Ez(ω1) (13)
Ez(ω0 + ω1) → Ey(ω0) + Ey(ω1) (14)
Ey(2ω1) → Ey(ω1) + Ez(ω1) (15)
All these interactions must be implemented with equal coupling constants, which is achievable by tuning the
pump amplitudes and also designing the lengths of the periodically poled sections in the crystal.26 In that case,
the matrix G2 of Eq. (9) can be physically implemented in a single OPO in order to yield a quadripartite GHZ
state. Note that theoretical studies of the quantum dynamics of the OPO, using the positive-P representation,
have shown that the entanglement survives above the OPO threshold,31 which opens interesting possibilities for
multipartite entanglement of bright beams.
One last crucial point must be addressed, however: the aforementioned pumps can a priori couple additional
pairs of modes and yield a different interaction graph than the expected one. Indeed, the 2ω0 pump could, for
example, couple an ω1 signal with its image with respect to ω0, at frequency 2ω0 − ω1. Since the latter signal
mode is not part of the graph, such a parasitic connection with the bona fide signla mode at ω1 can degrade the
entanglement,31 as can be shown from a simple analysis using Heisenberg equations.27 The proposed scheme is,
however, immune to that effect because of the fact that the OPOKTP crystal is birefringent, which gives different
free spectral ranges for the y and z polarizations. While it is, indeed, quite possible to obtain 2 coincidences
where both polarizations have the same resonant frequency in the OPO cavity (i.e. ω0 and ω1 in Fig.6) such
coincidences are far enough apart in frequency that only two may be made to fit within a typical phasematching
bandwidth, which prevents the y pump modes from coupling any other cavity modes than indicated in Fig.6.
As for the z pump mode at ω0 +ω1, it can couple same-polarized modes but, because of its central frequency in
the scheme, those coupled mode pairs are always outside the desired entangled set and cannot interact with it.
This ensures that the scheme is experimentally feasible. Note that the phase-locking stabilization of bipartite
entangled modes described in detail in the previous section constitutes an essential tool in order to work with a
frequency-index set of multipartite entangled modes.
A drawback of the polarization designs, however, is the limited dimension of this particular degree of freedom.
Overcoming this issue to scale up the entanglement to larger number of modes is actually possible, using a
different method.29 Also, extending this analysis to the more sophisticated and useful cluster states,32 which
enable one-way quantum computing,33 is highly nontrivial but we have shown that it can be done28 and that
the bulk of the OPO modes can be placed simultaneously in independent subsets of 2× 3 cluster grids, realizing
as many independent one-way quantum registers.29
In conclusion, it is possible to design optical nonlinear materials so that a single OPO, offering a large set
of well defined quantum oscillators, can generate a great variety of multipartite entangled states. This also
offers unprecedented compactness and is therefore a promising avenue towards significantly scaling multipartite
entanglement. We are currently working on the experimental implementation of such systems, as well as on the
theoretical design of a square cluster-state grid of arbitrary size in the set of OPO modes.
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